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J KML>NPO Q&R-SUT�V7W'XZY[L]\'^`_-\ V F(i, j) a ^`bcO dfehg
F i = i

F j = j

Fn = Fn− j + Fn− k
l L>Nmgn\ oqp-\�KMrfs t�NPO _uKMv

n
R-w]sfS l L]gnO x]S a \ l _�\ V�^`y�_h\ V�Y[L]\ l{z \}| ~mQ<\�R-��O efW'dfrf� a ^`bcO dfehg���O ��v F( � , � ) ^ht�~mQ<\�Y[���'V

J oqsfL��`R-SU~mQ<gn^`_
. . . , ��� ,− � , � ,− � , � ,− � , � , � , � , � , � , � , � , � , ��� , . . .

Y[L]\BVPg�| oqsf�f��v�^`sfL l{� F i gnoqp�^`_�~mdf��e�gn\ oqp-\�R-sf�7L��fg�W'�&R-S�� a \ ^`sfL��h��^`bcO dfehg�KML l rf�-e l{� e�VPg \ V¡R-w]sfS a O v-~mS{¢�p l{z \
| ~mQ<\ a \ ^`sfL�� F( � , � ) KMrfL>W z R-SUT�V7W'X

| oqrfs t£T�O df¤h\�¥7g�W'_[oqv-\ W'¦ a \ ^`sfL�� F(i, j) a ^`bcO dfehg
j

�
i l �-L]g l L]gnO x]SU§{\ o7t a \ NP\ ^`_
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KMv�^`_©¯F~mQ<\ V�^`_©°m�±NP\ ²�³mrf´ l ´�Y[rf��v-^`_�\ V
`n

O ´<�
` k �

` j�a O v-µ¶W'·¸O _�³mrf´ l ´]^`_ fn
O ´<�

f k �
f j Y[v���^`�7y � n

KMrfv-\ W'¦�R-S
¹ L[VPg�KMv l Qº~m»�¼�³mrf´ l ´�Y[rf��v-^`_½\ V�T�O �7y � Y[L]\¾VPO t�Y[L]\ a \ l _�| g�W'�ªgnO ¿�L]\'O v-�À��NP\�ÁmV7Â{_[Y[v��½^`�7y � ¹ LuO ´�KMrfv-g�ÃªW'Ä
KMrfv-g{R-S�VP\ l{� ��O �&R-Åcd � a O Ä¸VPg��*KMrfv-g{R-S�ÃªW'ÄÆKMv�^`_½�f^`�f�<\ g l _[\ V KMv*VPO s t a O v-^`�7y � NP\BO ´[�Àg�VPO _ l v£�*KMrfsfrf��R-S�Ç�L]g�V
| ~mQ<\'È`oqrfQ�V ��O L]O ¼�^`_ÀVPO t*�fKMrfs t�VP\ l{É ´-VPO _

n − � l{z \'\ V�VPO t*Y[L]\�| ¯Fg�W'�&R-S&Kqt*O v-Y[v��½^`�7y � gn\ oq�7´-NP\'gnoqp ¹ L[VPO t*Y[L]\MO _h²
\ V�O v-Y[v��h^`�7y � KMrfv-\ W'¦�R-S�| ~mQ<\

a + b l _h\ l _ b
�

a a O v-µ¶W'·Ê^`_-KMv}VPO s tËY[v��[^`�7y � �Àg���gn\ gnÃªW'Ä a ^`sfL>Â{v�^htËKMrfeh\ g{R-S&O S'\
| g�W'�ª^`sfrf�Pt�VPO t*Y[L]\ a ^`sfL>Â{v¡Ì�tËÍ�W'��¿�SUO ´©KMrfv-g�ÃªW'Ä±KMv¡^`_½R-dfrf´ l ´]^`_

| ~mQ<\q³mrf´ l ´©Y[rf��vmO _ÎKMv�^`_Î¯
j > i

²
fj

O ´©�
fi+ j �

fi
��gn\ guÃªW'Ä±�À�-^ht}KMrfs t�R-S&Ç�L l �7´

Pij a ^`ÅcÏf��S l L>N ¹ L-VPO t}Y[L]\ a \ l _
| KMrfS'O e`R-S

Cij
\ V�VPO t*Y[L]\ a ^`sfrf�Pt a ^`sfL>Â{v

^ht�~mQ<\¶R-Ð7L]oq_�|
k − r < j − i

�
r < k

^ht a V7W'·�^`_�oqrf��L>W'sf_
Crk

³m��Ñ l _[�
Cij a \ l _�R-�f» z NPO _�µ¶W'S l � ¹ LmÒ ÓÕÔ`Ö

|
Cii = �

| g�W'�&R-S&^`dfQ<O ×�SU^`efW z ^`�ÆR-ÅcX�\ a ^`ÅcÏf��S a \ l _ C j n ^htËoqrfv-g���O »�e}Ò Ø
�ËÌ�t a ^`sfL>Â{vËVP\ oqx]S��Ëoqrfs t£µ-O dfehg�\ V �>Ù��#oqsf_[�

` Ú = � �
` Û = � �

` Ü = Ý �
` k = � �

` j = Þ�a gF�'Vq���
n = �Õa \ l _ Ò ß

| oqL>Vq�P�[~mQ<gn^`_[\ V���gn\ g�ÃªW'Ä±³mrf´ l ´
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ÍB� l ��O _���\ W'�f_�^ht�oq�<O _�È`oq��È`oqrf»�t a \ ^`efW z ^`_��À� a O v l Ð7��Y[rf_�È`gnO Ä
n− � O� x]r � g l{z \{KMrfL>W z � W'Ä�^`� l X���\ V l Ð7�

n
O _ a V7W'»�t

È`oqrf»�t l Ð7���Àg�Y[rf_-È`gnO Ä l v�^ht}oqrfs t*^`Ä�W'´�| oqrfQ�V��À�ÀNP\ a l �-L]g l Ð7� l v�^`_-O v-È`gnO Ä�NP\MÈ`gnO w]�fQ<\MO _-�À� a O v l Ð7�ÊNP\ ¹ L l v}NP\
� W'Ä�^`� l X�V7W'»�t l L>N��Àg�^`_�V7W'»�t}�fgF� l _�Y[rf_�NP\�W'Ä�^`� l X�V7W'»�t ¹ L a O v-È`gnO Ä�NP\ ¹ L l v l{z \7^ht g l t ~m_hO ¤���\ W'´ R-S£| g�W'�&R-S
V7W'»�t��Àg�KMrfs t����qÑÆ\ V �À��VPg�g�W'Ä�W'S a È`gnO ÄÆO Ð7sf´[�*KMrf�<O _½^`�f�<\ g l Ð7���*O _ÀW'Ä�^`� l X V7W'»�t ¹ L l{z \7¢ �	� S¡| g�W'�&R-S&KMrf��x]´
KMrfeh\ g{R-S�Y[��
 VPg¡| ~mQ<\ l Ð7�

n
O _�W'Ä�^`� l X V7W'»�t ¹ L�O L>VPO e�V7W'»�tº| oqL��`R-S�~mQ<g<^`_#oqefVP\ g l Ð7� ì §{\ o7t l v ^ht�W'Ä�^`� l X

^ht£g�VP\ g�g�W'Ä�� a \ È`gnO ÄªV7W'»�t�Y[L]\nVPg<oqrfs t�~m_hO ¤�| ~mQ<\�È`oq�8Ì
�*�fS�È`gnO Ä�� l � t�\ oqÑªV7W'»�t�Y[L]\ a O v l Ð7�ÕNP\P§{\ o7t l v�^`_#^ht
gnoqpmY[L l ´ ¹ ��WMt dre ²U| oqsf�<O _-^`�f�<\ g l Ð7� d k nÜ e l � t�\ oqÑ�� bnÜ c Ì � \ oqÑ±§{\ o7t l vmoqsfL��`R-S&~mQ<gn^`_-^ht a V7W'»�t��}�À�����qÑ±O _

¯�| ~mQ<\
r a �ÀO ��S�O L l ´ ¹ ��WMt��-rf×�X gnoqp�Y[L l ´]ÁmV7Â{_ brc �

r a �ÀO ��SUO L l ´]ÁmV7Â{_��-rf×�X
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¹ L<� �Æ��� � Ý �½¢ �	� Sº| ~mQ<\ È`oq� l v-O ���À�-VPg�VPO _ ¹ L�O� x]r � g&gnoqp l vÊ^ht�~mQ<\
n

O ´ ì gn\ oqp-\qNP\ÀR-dfrf´ l ´<�f~m» z a O Ä ¹ L
gn\ oq�7´u���'VP\ �£Ì���p l v±| oq�<O _

π
~m» z a O Ä gnoqp�Y[L l ¦&�

πn
gnoqp�oqrfs t � l ��| oqv-g{R-S���O »�e�\ V"!¡O ´ ì gn\ oqp-\{NP\B~m» z a O Ä

l{z \n¢ �	� Sm| oqL��[~mQ<gn^`_
rev(π) ~m» z a O ÄÆO ´�¯Foqv-g{R-SuVP\ l{��#ªÉ pm³mrf´ l ´�^`_h²#oqs t�R-S%$ªW É �7S&^`bcO dfehg#VPg�\ V

π l ¦&� l �*sfp
πn

l{z \M~mQ<\ a \ È l x]e-~m» z a O Ä ¹ L
π

KMrfL>W z | oqL��`R-S&~mQ<gn^`_[� ��Ý8���Õ� �½KMrfs t*µ-O ��p-\'&#O _-~m» z a O Ä a �'V \ V����'VP\ �ËÌ���p
a \ È l x]e©~m» z a O Ä ¹ L&§{O ¿�eh\ l Q π

~m» z a O Ä l v a �'V����'VP\ ��Ì���pmVPO _�R-v-O sf�fS*§{O ¿�eh\�O _�oqrfs t¡~m_hO ¤m| oq�<O _
rev(π) = π| oqL��`R-S&~mQ<gn^`_
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^`�f��W'e�È l Ð7S��Àg�O� x]r � g a �'V
n

O ´ ì gn\ oqp-\MNP\ ¹ L l v�KMrfeh\ g{R-S�| ~mQ<\ÀÈ`oq��^`�f��W'e a gnoqp ¹ L l v a �'V�^ht�KML>VP\ g�È l Ð7S � n��oqefVP\ g�VP\ l{� ¯F��O Q ¹ L�O� Sn�'Â{b[^`e©gn\ oqp-\BO _h²�È l Ð7S<�Àg<^`df�7Ä l v�VPg&^ht�oqeh\ È`oq�±^`�f�<\ � z a V7W'·�^`df�7Ä
n

VPg<O v-È l Ð7S�| ~mQ<\PÈ`oq�
| ~mQ<\'È`oq�ªK z \� l rf¦�\'O v-^`df�7Ä¸NP\�R É L-NP\'È l Ð7S ¹ L�| oqefW'�&R-S&È`oqL]g�O v-^`df�7ÄÆ���'VPg a O v-È l Ð7S

| KMrf�<O _[^`�f�<\ g l _ a \ È l Ð7S
n

O ´ ì gn\ oqp-\ a ^`��v}NP\'^ht a V7W'·�^`_-KML>VP\ g l _[È l Ð7S ¹ L�O Ð7sf´©^`df�7Ä l v}NP\�KMrfv-\ W'¦�R-S
¹ Lu�f��g�W'_½R-w]sfS�T�V7W'XGVPg©�£È`g l t*T�O df¤h\�\ V Í�W(
*W'SUY[L]\'�*)-Q<O ¼���g�W'_½~md � S�T�V7W'XGVPg£¥7~mQ<\�Y É ��SUÈ VP\ W'��vËVPO t£Y[L]\'O L��

| oqrfefÂ{_�+�x]e[µ-O � S

, oqrf�<O _�-��FW'S
à¾áÀâ�ã�ämå�æqçfè¾é]ê Ö à'ë �


